Abstract. Pictures of the G2(2) hexagon and its dual are presented. A way to obtain these pictures is discussed.
Introduction
This paper presents pictures of the two classical generalised hexagons over the eld with two elements. Information on these generalised hexagons is employed so that the pictures make some properties of these hexagons obvious. Familiarity with the theory of generalised polygons is not assumed. Perhaps this paper will convince the uninitiated reader that even new and seemingly abstract geometrical structures sometimes have nice visual presentations.
Generalised polygons were introduced by Tits in 7] . They serve, among other things, as a geometric realisation of certain groups. Generalised triangles are essentially projective planes, generalised quadrangles are also known as polar spaces of rank 2. Classical (thick) generalised n-gons, n > 2, exist only for n 2 f3; 4; 6; 8g. By 3] also thick nite generalised n-gons, n > 2, exist only for n 2 f3; 4; 6; 8g.
If the pictures and discussions presented here whets your appetite for generalised polygons, I recommend 6] and 9] for further reading.
There is a well-known picture of the smallest projective plane, also known as the Fano plane ( Figure 1) . A picture of the smallest generalised quadrangle appeared rst on the cover of a book on generalised triangles 4] and reminds of an ordinary pentagon ( Figure 2 ). The picture is due to S. Payne, who calls it doily for obvious reasons. More stunning pictures of geometries may be found in Polster's Geometrical Picture Book 5] . The classical generalised hexagons over GF (2) are the G 2 (2) hexagon and its dual. Both are hexagons of order 2. There are 63 points and 63 lines. Moreover, there are explicit descriptions of these generalised hexagons. So, in principle, it is possible to produce some pictures of these hexagons. However, just placing and labelling 63 dots on a sheet of paper and connecting collinear ones by a curve will most likely produce a mess. To obtain a nice picture one has to know and employ structural properties of the hexagons. The main property used here is the fact that the cyclic group of order 7 acts on the G 2 (2) hexagon and hence also on its dual. Thus, the 63 points split into nine orbits with seven points each. Likewise for lines. Also, three orbits of lines form di erent types of ordinary 7-gons. This takes care of 6 orbits of points. There are lines connecting vertices of one kind of 7-gons with midpoints of another type of 7-gons. This gives three more orbits of lines. In the G 2 (2) hexagon this also gives an additional orbit of points. In the G 2 (2) hexagon the remaining two orbits of points and three orbits of lines form the incidence graph of the Fano plane. The midpoints of the edges of this graph are glued to midpoints of the three types of ordinary 7-gons. In the dual hexagon the orbits not involved in the three ordinary 7-gons do not form easily recognisable gures.
To nd a cyclic action of order seven and to work out the incidences two di erent coordinatisations of the G 2 (2) hexagon are used. The rst coordinatisation, due to Tits 7] , is good for calculations but less practical to detect incidences. The second coordinatisation, introduced by De Smet and Van Maldeghem in 2], is ne to detect incidences.
Preliminaries
A point-line geometry I = (P; L; I) consists of a point set P, a line set L and an incidence relation I between points and lines. Often lines are considered as sets of points. Then incidence is given by inclusion and will not be mentioned explicitly. Two vertices that cannot be connected by a chain are at in nite distance.
A generalised hexagon is a point-line geometry H = (P; L) satisfying the following axioms:
1. The distance between two vertices is at most six.
2. For any two vertices at distance k < 6 there exists a unique connecting chain of length k.
3. Every vertex is incident with at least three vertices. The dual of an incidence geometry is obtained by interchanging the rôles of points and lines. Since the de nition of a generalised hexagon is given entirely in terms of vertices, the dual of a generalised hexagon is again a generalised hexagon.
An ordinary hexagon satis es the rst two axioms but not the third. Instead every vertex is incident with precisely two vertices.
Two points p; q are said to be collinear if they can be joined by a line. The line connecting two collinear points p and q is denoted p _ q. The set of lines incident with a point p is denoted L p .
A nite generalised hexagon is a generalised hexagon with only nitely many vertices. One readily veri es that for a nite generalised hexagon there are parameters s and t such that every line contains s+1 points and every point lies on t+1 lines. These parameters are also called the order of the generalised hexagon.
Suppose p is a point of a nite generalised hexagon of order (s; t). One sees that the set of points at distance 6, 4 or 2 from p consists of s 3 t 2 , (t + 1)ts 2 or (t + 1)s points, respectively. Thus, all in all, there are s 3 t 2 + s 2 t 2 + s 2 t + st + s + 1 points. A generalised hexagon with a minimal number of points has parameters s = t = 2.
Thus there are 63 points. By duality there are also 63 lines.
The classical Hexagon
According to 1] there are only two generalised hexagons with parameters 2.
They are dual to each other and are related to the Chevalley group G 2 (2). We will call one of these hexagons the G 2 (2) hexagon.
The G 2 (2) hexagon can be described explicitly in terms of coordinates in several ways. In this paper we will use two di erent coordinatisations. The rst coordinatisation, introduced by Tits in 7], views the points of the G 2 (2) hexagon as the points of the quadric Q(6; 2) represented in the projective space PG(6; 2). Thus P = f(x 0 ; x 1 ; x 2 ; x 3 ; x 4 ; x 5 ; x 6 ) j x 0 x 4 + x 1 x 5 + x 2 x 6 = x 2 3 g:
Lines of the G 2 (2) The advantage of this coordinatisation is that automorphisms can be described in terms of matrices. The disadvantage is that collinearity is not easily detected.
The second coordinatisation is due to De Smet and Van Maldeghem and was introduced in 2]. We will restrict to the case where the eld is GF(2). There is where all calculations are carried out in GF (2) . In this coordinatisation it is not too di cult to determine whether two points are collinear. There is however no handy way to describe automorphisms.
Luckily there is a translation between the two coordinatisations. Table 1 states the translation for points if the eld is GF(2). We will mainly work with points, so we do not need a translation table for lines. For more details on these coordinatisations see 2].
4. An automorphism of order seven From now on we work entirely in the G 2 (2) hexagon. All indices of points and lines are taken in Z 7 . Our rst aim is to nd an automorphism of order seven in the hexagon. Then the 63 points split into nine orbits of seven points each. Analogously for the lines. In the Tits coordinatisation every automorphism can be represented by a matrix ( 7] ).
An ordinary ordered 7-gon is an ordered set of points (a 0 ; : : : ; a 6 ) such that a k is collinear with but di erent from a k+1 (see Figure 3) . By 8] we know that the group of automorphisms acts transitively on ordinary ordered 7-gons. In particular, if (a 0 ; : : : ; a 6 ) forms an ordinary ordered 7-gon, then there is an automorphism such that a i = a i+1 . As remarked in 8], the order of the group of automorphisms of the G 2 (2) hexagon equals the number of ordered 7-gons. Thus the group of automorphisms acts sharply transitive on the set of ordered 7-gons. This implies, that any such has order seven. Our aim is to rst present such a 7-gon and then to determine . Here is an ordinary 7-gon. It is obtained by gradually moving away from the point (1) and then coming back via a di erent path. In the Tits coordinatisation the third point on every line is the sum of the other two points. Thus, the third point on A k besides a k+3 and a k?3 is b k := a k?3 +a k+3 . Table 3 lists the points b i .
The points a k , 0 k 6, form a basis of the GF(2) 7 . Thus there is a unique linear map of GF (2) Table 3 . By construction we have B k = fa k ; f k ; g k g.
The Table 3 lists the orbits of c 0 , d 0 and e 0 under . We nd u 0 = e 5 and v 0 = e 2 . Hence D k = fb k ; c k ; g k g, F k = fd k ; e k ; g k g and E k = fe k+2 ; e k?2 ; f k g. The orbit of e 0 forms an ordinary 7-gon where e k is collinear with e k+3 . The connecting line is E k?2 . Figure 5 depicts such a 7-gon. We say such a 7-gon is of type 3.
We now look at the lines through d 0 . These are Table 3 lists the orbits of h 0 and i 0 . We nd x 0 = h 4 and y 0 = i 3 . Thus H k = fd k ; h k ; i k g, I k = ff k ; h k?3 ; i k+3 g and C k = fc k+1 ; c k?1 ; d k g. The last equation shows that the orbit of c 0 forms an ordinary 7-gon where c k is collinear with c k+2 .
The connecting line is C k+1 . Figure 4 depicts such a 7-gon. We say such a 7-gon is of type 2.
By now we have all points but one orbit of lines is still missing. The equations for H k , I k and G k show that the orbits of h 0 and i 0 may be represented as a 14-gon, where i k is connected to h k by the line H k , to h k+1 via the line I k?3 and to h k+3 via the line G k?2 . This is the incidence graph of the Fano plane (Figure 6 ). The dual of this con guration is depicted in Figure 7 . (2) hexagon and its dual is encoded in Table 2 . We know already that both hexagons contain disjoint ordinary 7-gons of To complete the picture of the G 2 (2) hexagon the incidence graph of the Fano plane is added in in such a fashion that the midpoints of the edges are glued to midpoints of the 7-gons. To avoid overlapping lines the edges are bent. The picture of the dual hexagon is completed analogously. Figure 9 depicts the dual hexagon. If we use one more dimension, that is, if we construct spatial models of the hexagons, we can avoid overlapping lines by placing the di erent 7-gons in di erent but parallel planes. This produces models upon which the dihedral group acts. Stereograms of such models are presented on my homepage. 
